Exercise 1.1

Let 0 be the zero vector, and let a be a scalar. Show

Exercise 1.2

Let v be a vector, and let 0 be the zero scalar. Show

that a0 = 0. that Ov equals the zero vector.
Exercise 1.3 Exercise 1.4
Show that the span of vq,...,v,, is the same as the
Show that the span of vq,...,v,, is a subspace. span of vi + a1V, ..., Vin1 + Qm_1Vm, Vi for any

scalars a, ..., Q1.




The zero scalar satisfies a—a = 0 for every a in the scalar field; in particular,
0 — 0 = 0. We make this substitution, then distribute and invoke the fact
that v — v equals the zero vector 0 for any vector v.

By definiton, a vector space has the property that v — v = 0 for any vector
v. In particular, 0 — 0 = 0.

a0 =a(0—-0
Oov=(0-0)v ( )
— Ov — Ov =a0 — a0
=0
=0
We distributed scalar multiplication then used the v—v = 0 property again.
‘We’ll show that an arbitrary linear combination of vi, ..., v, can also be represented as

a linear combination of the altered vectors by adding and subtracting the appropriately

scaled versions of v,.
bivi+ ... +bn-1Vim—1+bmvm
= bl(Vl + alvm) + ...+ bmfl(vmfl =+ amflvm) =+ (bm —bray —...— bmflamfl)vm

Similarly, an arbitrary linear combination of the altered vectors becomes a linear combi-
nation of vi,..., vy, by distributing the coefficients and regrouping the terms.

bi(vi+aivi)+ ... +bm—1(Vimn—1 + am—1Vm) + bmvm
=bivi+...+bp-1Vm—1+ (bm +bia1 + ...+ bm—1am—1)vm

Consider two vectors in the span, say [vl e Vm] b; and
[Vl . Vm] b,. For a pair of scalars ay, as the linear combination
ax [Vl e Vm} b; + a2 [Vl e Vm} by = [Vl Vm} (a1b1 + azby)

is also in the span, so the span satisfies the definition of a subspace.




Exercise 1.5

Let F be a field, and suppose T is a linear operator
from F™ to V. Show that T can be represented as a
mapping of b € F™ to [Vl Vm]b for some
Vi,...,Vnp.

Exercise 1.6

Prove that the null space of T is a subspace.

Exercise 1.7

Show that if vq,...,v,, are linearly independent
then (b1,...,by,) = (0,...,0) is the only vector of
scalars for which byvy + ...+ b, v,, = 0.

Exercise 1.8

Show that if (by,...,b,) = (0,...,0) is the only
vector of scalars for which byvy + ...+ b, v,, =0,
then vq,...,v,, are linearly independent.




Let b; and by be in the null space. Given any scalars aj, as, consider the
vector of scalars aib; + asbs.

’]I‘(albl + a2b2) = ax Tbl “+ao Tbg
0 0

=0

Since a1b; 4 asbs is also mapped to 0, it’s in the null space as well; the
null space therefore satisfies the definition of a subspace.

First, consider that T and [V1 vm] would have to agree on where to
map the standard basis vectors. We see that [vl vm] maps e :=
(1,0,...,0) to vq, so v; must be Te;. Likewise vo would need to Tey, and
so on. Let’s check that this proposal [Te; Te;| b is the same as Tb
for an arbitrary vector b.
[Tel . Tem] b= [’]I‘el Tem] (brer + ...+ bmenm)

= b1 [’]I‘el ces Tem} e +...+ bm [’]Tel ce Tem] (S99

= bﬂl‘el + ...+ meem

= ’JT(b161 + ...+ bmem)

=Tb
Assume that vy, ..., v, aren’t linearly independent; in particular, and with- Assume there exist scalars by, . . ., by, for which b1vy + . .. + by Vi, = 0 with
out loss of generality, assume vy, = €1V1 +...+ ¢n—1Vm-1 for some scalars by # 0 (without loss of generality). Then the rearranged equation
C1,...,Cm—1. Then subtracting v,, from both sides, we see that

O0=c1vi+...+Cm-1Vim_1 + (—=1)v,

provides a linear combination of zero in which not all of the scalar
coefficients are zeros.

Vlz(—%)vz-f—.---l-(—%)Vm

shows that vy is a linear combination of the other vectors, contradicting
the assumption of linear independence.




Exercise 1.9

Let z be in the null space of [Vl Vm]. Given
any vector of scalars b, show that the linear
combination of vy,..., v, produced by the entries of
b + z is exactly the same as that produced by b.

Exercise 1.10

Show that if [Vl Vm]b = [Vl Vm]C then c
must equal b + z for some z in the null space of
Vi o Vil

Exercise 1.11

Show that vi,...,v,, are linearly independent if and
only if b # ¢ implies
[Vl Vm]b + [Vl Vm]C, that is, every
vector in the span corresponds to a unique vector of
scalar coefficients.

Exercise 1.12

Let {v1,...,vy,} be a basis for V. How do you know
that {vs,...,v,,} is not also a basis for V7




Trivially ¢ = b+ (c — b); we show that the second term is in the null space.

[V1 vm](c—b):[vl Vm]c—[vl vm]b
=0

because the two linear combinations are equal.

With z in the null space, the b + z linear combination results in

[vl Vm](b—l—z):[vl Vm]b—i—[vl Vm]Z
0

= [V1 Vm]b.

By linear independence, no linear combination of vo, ..., v,, equals vi € V.
Therefore, va, ..., v, do not span V and thus do not satisfy the definition
of a basis.

With A representing the null space of [vl vm], the set of coefficient
vectors producing [Vl vm]b is exactly {b+z : z € N}; this set
has a single element (b) if and only if the null space has only the zero
vector. We’ve already established that this condition is equivalent to linear
independence.




Exercise 1.13

Let {v1,..., vy} be a basis for V, and let S be a
proper subspace of V. Explain why at least one of
Vi,...,Vy is not in S.

Exercise 1.14

Suppose {vy,..., Vv, } is a basis for V. Prove that
every basis for V has exactly m vectors.

Exercise 1.15

Let V be an m-dimensional vector space. Prove that

any set of m linearly independent vectors in )V must
be basis for V.

Exercise 1.16

Let S be a subspace of an n-dimensional vector
space V. Prove that a basis for S exists.




Suppose that {w1,...,w} is also a basis for V and that k¥ < m. The set
{va,..., vy} doesn’t span V, so there must be some vector in {wy,..., wg}
that isn’t in the span of {va,...,v,,}. Assume without loss of generality
that wy isn’t in the span of {va,...,vy,}. Then {wy,vo,..., vy} is
linearly independent. By repeating this logic with vy and continuing
through vi, we end up claiming that {wi,...,Wg,Vii1,...,V;n} is a
linearly independent set. However, since {w1,...,wy} is a basis for V, the
remaining vectors {vgy1,...,V,;} C V have to be in their span which is a
contradiction. This proves that one basis for V can’t be larger than another.

Any w in V has a unique representation as byvy + ... b,, vy, for some scalar
coefficients. Assume every one of the basis vectors were in §. Because S
is a subspace it contains all linear combinations of its vectors which would
include w. Therefore, if S is a subspace of V that includes an entire basis
for V, then it would have to be equal to V.

We'll describe a constructive proof. Take any vector of S and call it vy. If
S equals the span of vy, then vy is a basis. Otherwise, take a vector from
S that is outside of the span of v; and call it vo. If S equals the span
of {vy,va}, then they form a basis. Otherwise, continue to repeat this
process of adding one more linearly independent vector at a time until the
vectors span S. The algorithm is guaranteed to terminate with no more
than n vectors, because any set of n linearly independent vectors is a basis
for V according to Exercise 1.15.

Let V := {vy1,..., vy} be a set of linearly independent vectors in V, and
let W := {w1,...,wpn} be a basis for V. Assume that the span of V is
not V. From Exercise 1.13 there exists at least one vector in W that isn’t
in the span of V; without loss of generality, let it be w;. By continuing
to add one vector at a time from V' to W in this way, you would maintain
linear independence and you would eventually produce a set that does
have V as its span. But that set will have more than m vectors, which
contradicts the fact from Exercise 1.14 that every basis for V has m vectors.




Exercise 1.17

Let F be a field. Find the dimension of 7™ as
defined in Section 1.2.

Exercise 1.18

Suppose [Vl Vm] and [wl Wm} have the
exact same behavior on a basis B = {by,...,b,,} for
the vector space of scalar coefficients, that is,

[vl Vm} b; = [Wl wm] b; for every
g€ {Ll,...,m}. Show that v; must equal w; for
every j € {1,...,m}.

Exercise 1.19

Let A be an eigenvalue for T. Show that the
ergenspace of X is a subspace.

Exercise 1.20

Suppose T has eigenvalues Aq, ..., A\, with
corresponding eigenvectors qi,...,q,,. Let a be a
non-zero scalar. Identify eigenvalues and
eigenvectors of aT, i.e. the function that maps any
vector v to a times Tv.




We’ll first show that [vl vm} and [wl Wm] must have the
exact same behavior on every vector in F™ (where F is the scalar field)
by representing an arbitrary vector x with respect to U. Letting x =
a1bi + ...+ apby,

[vl vm]x:[vl vm](a1b1+...+ambm)
:al[vl vm}bl—i-...—&—am[vl vm}bm
:al[wl wm]b1+...+am[w1 wm]bm
=|wy --- wm}(a1b1+...+ambm)
:[Wl Wm}x.

In particular, the fact that [vl vm] and [wl wm] map
(1,0,...,0) to the same vector means that v; must equal wy. Such an
argument holds for every column in turn.

Consider the n vectors e; := (1,0,...,0),...,e, := (0,...,0,1). A given
vector (¢1,...,¢Cn) € F™ has the unique representation cie1 + ... + ¢
with respect to these vectors, so they comprise a basis (known as the
standard basis). This tells us that the dimension of F™ is m.

Consider the action of aT on q;.
[aT](q)) = a(Tq;)
= a)\jqj

So qi,...,q;, remain eigenvectors, and their eigenvalues are al\q,...,a\,.
Furthermore, no additional eigenvectors for aT are introduced because
clearly they would also have been eigenvectors for T.

Suppose that q; and qo are both in the eigenspace. For any scalars ag, as,

T(ai1qi + a2q2) = a1 Tqi + axTqqz
a1 Aq1 + azAqs
Aa1q1 + a2q2)

which confirms that a;1q;1 +a2q2 is also an eigenvector for T with eigenvalue
A




Exercise 1.21

Explain why any linear operator that has 0 as an
eigenvalue doesn’t have an inverse function.

Exercise 1.22

Let T~! be the inverse of a linear operator T, that is,
T-'Tv = v for every v in the domain of T. Show
that T is also the inverse of T~!, that is,

TT 'w = w for every w in the domain of T~}
(which we’ve defined to be the range of T).

Exercise 1.23
Suppose a linear operator T has an inverse T1.
Show that T~ is also linear:
T*l o T*l T*l
(w1 4+ agwa) = a1T wy + ao T wy

for all vectors wy, wy and scalars aq, as.

Exercise 1.24

Let T be a linear operator that has non-zero

eigenvalues A\, ..., A\, with eigenvectors qp, ..., qy.
Suppose T is invertible. Show that T~! also has
di,-..,q, as eigenvectors, and find the

corresponding eigenvalues.




We know that w = Tv for some v; by making this substitution,

TT 'w =TT 'Tv
=Tv

= W.

The corresponding eigenspace is a subspace (with dimension at least 1)
that the linear operator maps to 0. Because it maps multiple elements of
its domain to the same value, it can’t be invertible.

Consider the behavior of the inverse on q;. We know that the inverse is
supposed to undo the behavior of T, so T_l']l‘qj should equal q;.
T™'Tq; = T~ (\q))
= )\jTilqj
For )\jT_lqj to equal q;, we can see that q; must be an eigenvector of

T—! with eigenvalue 1/X;. Thus T~! has eigenvalues 1/A1,...,1/\, with
eigenvectors qi, ..., Q.-

As an inverse function, T~! maps from T’s range to its domain. w; and wy
are in the range of T, so we know that they can be represented by wi = Tvy
and wy = Tvy for some vectors v and vs.

']I‘_l(alwl + agwo) = ']I‘_l(al']I‘vl + asTvy)
= TilT(CLlVl + QQVQ)
= a1Vy + a2vsy

= al']l‘_lwl + GQT_1W2




Exercise 1.25

Show that inner products are also additive in their
second argument;:

<V7W +X> - <V7W> + <V7X>'

Exercise 1.26

Show that inner products are also homogeneous in
their second argument when the scalar is real: for
every a € R,

(v,aw) = a{v,w).

Exercise 1.27

Show that if y is orthogonal to every one of
Vi,...,Vpny, then it is also orthogonal to every vector
in their span.

Exercise 1.28

Show that ||av]|| = |al]||v|| for any scalar a.




The complex conjugate of a product is equal to the product of the complex
conjugates, and the complex conjugate of a real number is itself, so

(v,aw) = (aw, V)

[
2
£

=

The complex conjugate of a sum is equal to the sum of the complex conju-
gates, so

From steps in our solution to Exercise 1.26, we can realize that (x,ay) =
a(x,y). Using the definition of norm,

lav| = v/ {av,av)

= \/ﬁ\/ <V7V>

= lallIv]-

Note that with a = b + ic, the squared absolute value |a|? is defined to be
b2 + 2.

Let byvy + ...b,, v, Tepresent an arbitrary vector in the span. By linearity
of inner products, its inner product with y is

b1vi+ . b Vi, Yy =01 (V,Y) oo b (Vi YY)
—— ———
0 0
=0

because y is orthogonal to each of the basis vectors.




Exercise 1.29

Suppose vi,...,V,, are orthogonal to each other and
none of them is the zero vector. Show that they
must be linearly independent.

Exercise 1.30

Suppose (x,v) = (y,v) for all v. Show that x and y
must be the same vector.

Exercise 1.31

Justify the Pythagorean identity extended to m
orthogonal vectors vi,...,vy,:

Ivi4 . vl = vl + . vl

Exercise 1.32

Given a non-zero vector v, find the norm of ﬁv.




Subtracting, (y,v) from both sides of the assumption,

0=&v)—({y,v)
=x-y,v)

for all v. In particular, substitute x —y for v to see that ||x — y||> = 0
which implies that x —y =0, i.e. x =y.

Without loss of generality, we will consider whether or not v, can be equal
to some linear combination b;vy + ...+ b;_1V,,—1. The inner product of
this linear combination with v,,, equals

<b1V1 +...+ bmflvmflv vm> = bl <V17 vm> +...+ bmfl <Vm71> Vm>
—— [ ———
0 0
=0.

But the inner product of v,, with itself is equal to its squared length,
which must be greater than zero by the assumption that v,, isn’t the zero
vector. Therefore, no such linear combination can be equal to v,,.

Using Exercise 1.28 and the fact that norms are non-negative,

|

1
vl

v|[ = fivi

=1

vy is orthogonal to vy + ... 4+ v,,, so by the Pythagorean identity
Vi + . vl = Vil + [[ve + ... + Vi |2

This logic can be applied repeatedly to bring out one vector at a time
leading to the desired result. (For a more formal argument, one can invoke
induction.)




Exercise 1.33

Given a unit vector u, find a unique representation
of the vector y as the sum of a vector in the span of
u and a vector orthogonal to the span of u.

Exercise 1.34

Given a non-zero vector v, find a unique
representation of the vector y as the sum of a vector
in the span of v and a vector orthogonal to the span

of v.

Exercise 1.35

Let {uy,...,u,} be an orthonormal basis for V.
Find a unique representation of y € V as a linear
combination of the basis vectors.

Exercise 1.36

Let {uy,...,u,} be an orthonormal basis for a real
vector space V. Show that the inner product
between x and y equals the sum of the product of
their squared coordinates with respect to uy, ..., u,,:

(x.y) =) (e w){y, ).

1




A vector is in the span of v if and only if it’s in the span of the unit vector
Mk Likewise, a vector is orthogonal to the span of v if and only if it’s
orthogonal to the unit vector ﬁ Based on our solution to Exercise 1.33

the part in the span of v must be

< V> v (y,Vv)
Y, ) = v
I/ vl (v

Thus the desired representation of y is

_ v vy
gy +<y y )

[[v]|? [[v]|?

espan{v} Lspan{v}

We'll explicitly construct the desired vector in the span of u. The vector
we seek must equal bu for some scalar b. Based on the trivial identity
y = bu+ (y — Bu), we see that we need the second vector y — bu to be
orthogonal to u. Its inner product with u is

<y - I;ll, ll> = <Y7u> - 6 <u7u>
luf>=1

which is zero precisely when b= (y,u). Therefore, y can be represented
as the sum of (y,u)u which is in the span of u and (y — (y, u)u) which is
orthogonal to the span of u.

We'll use the orthonormal basis representation (Exercise 1.35) to expand y
use linearity of inner products.

<X7 Y> = <X, <y7u1>u1 +...F <Ya um>um>
= <X’ <y7u1>u1> ..t <X7 <Y7 um>um>
= (y,u)(x,u1) + ... + (¥, wn) (X, uy).

The correct coefficients can be readily determined thanks to the orthogo-
nality of the terms:

y = Elul +82u2+...+3mum.
~—~—

e€span{u; } Lspan{u;}

By comparison to Exercise 1.33, the first term has to be (y,u;)uy, so its
coefficient has to be b; = (y,uy). By reasoning similarly for each of the
basis vectors, we conclude that y must have the unique representation

y= <Ya 111>L11 +...+ <ya um>um~




Exercise 1.37

Let {uy,...,u,} be an orthonormal basis for a real
vector space V, and let y € V. Consider the
approximation § = (y,u;)uy + ... + (y, ux)uy with
k < m. Use Parseval’s identity to derive a simple
formula for the squared norm of y — ¥, which we
might call the squared approzimation error.

Exercise 1.38

Let {uy,...,u,} be an orthonormal basis for a real
vector space V, and let y € V. Explain which term
in the representation (y,uj)u; + ...+ (y, up) Uy,
best approximates y in the sense that it results in
the smallest approximation error ||y — (y, u;)u;|.

Exercise 1.39

Given a subspace S, show that S+ is also a subspace.

Exercise 1.40

Let ¥ be the orthogonal projection of y onto S. Use
the Pythagorean identity to show that the vector in
S that is closest to y is ¥.




Based on Exercise 1.37, the squared approximation error ||y — (y,u;)u,|?
is equal to the sum of the squares of the other coefficients 3, (y,u;)2.
Therefore, the approximation error is minimized if we use the term with
the largest squared coefficient.

Representing y with respect to the orthonormal basis, we find that the
difference between the vectors is

vy—¥={y,unui +... + ¥y, up)uy) — ((y,ur)us + ...+ {y, up)uy)
= <y7 uk+1>uk+1 +...+ <Y>um>um~

Its squared norm is the sum of its squared coordinates, so

||y - y”Q = <y7 uk’+1>2 +.o 4+ <y7 um>2'

Let v be an arbitrary vector in §. Realizing that § — v is in S and that
y — ¥ is orthogonal to S, we observe a right triangle (Figure 1.3) with sides
y—vVv,y—v,and y —§. By the Pythagorean identity,

ly = vI* =lly = 31” + Iy = vI*

The first term on the right doesn’t depend on the choice of v, so the
quantity is uniquely minimized by choosing v equal to ¥ to make the
second term zero.

Let vi,vo € ST, and let b; and by be scalars. We need to show that the
linear combination b;vy + byvy is also in S*. Letting w be an arbitrary
vector in S,

<b1V1 + bova, W> =b <V17 W> +bo <V2,W>
~—— ~——

0 0
= 0.




Exercise 1.41

Let &1 and Sy be subspaces that are orthogonal to

each other, and let § be the span of their union. If

V1 and ¥ are the orthogonal projections of y onto

S1 and &y, show that the orthogonal projection of y
onto S is y1 + ¥o.

Exercise 1.42

Let § be a subspace of V, and let uy,...,u,,
comprise an orthonormal basis for S. Given any
y € V, show that ¥ := (y,uy)u; + ... + (y, u,)u,, is
the orthogonal projection of y onto S.

Exercise 1.43

Suppose ¥1 and ¥ are the orthogonal projections of
y1 and ys onto §. With scalars a; and as, find the
orthogonal projection of a1y + asys onto S.

Exercise 1.44

Let ¥ be the orthogonal projection of y onto S. How
do we know that y — ¥ is the orthogonal projection
of y onto S+?




From Exercise 1.41, we understand that the orthogonal projection of y
onto S equals the sum of its orthogonal projections onto the spans of
the orthonormal basis vectors. The representations of these orthogonal
projections as (y,ujjuy, ..., (y, Um)u, comes from Exercise 1.33.

For an arbitrary v € S, we need to establish that
y—F1+792) Lv
Every vector in the span of §; US; can be represented as the sum of a vector
in &1 and a vector in S;. Making use of this fact, we let v = vi + v with
vi € S; and vo € Ss.
v,y =31+ 92)) = (Vi + V2, y — 31— J2)
=(vi,y =31 = ¥2) + (v2,y = §1 — 92)
=(vi,y = 91) + (v2,y — 92)
0 0

=0

We know that y = § + (y — §) with § € S and y — § € S* by definition of
orthogonal projection. Of course, by definition of orthogonal complement,
¥ L St, so that same representation shows that y — ¥ is the orthogonal
projection of y onto S+.

We can write out each vector in terms of its orthogonal projections onto &
and S+, then regroup the terms.

ary1 + a2y2 = a1[y1 + (y1 — ¥1)] + az[y2 + (y2 — ¥2)]
= (a1¥1 + a2¥2) + [a1(y1 — §1) + a2(y2 — §2)]
es s

This shows that a1y, + asy2 is the orthogonal projection of a1y; + asys
onto S. In other words, the orthogonal projection of a linear combination
is the linear combination of the orthogonal projections.




Exercise 1.45

Let S be an m-dimensional subspace of a
d-dimensional vector space V. Verify that the
dimension of S* is d — m.

Exercise 1.46

Let H be an orthogonal projection operator onto S.
Show that every vector in § is an eigenvector of H.

Exercise 1.47

Let H be the orthogonal projection operator onto S.
Show that every vector in S* is an eigenvector of H.

Exercise 1.48

Show that every orthogonal projection operator is
idempotent.




If v is in S, then clearly v = v + 0 is the unique representation of v as
the sum of a vector in S and a vector orthogonal to S. Therefore Hv = v,
which means that v is an eigenvector with eigenvalue 1.

Let B be a basis for S; it contains m vectors. Suppose there exist more
than d —m linearly independent vectors in S*. All of them are also linearly
independent of B, so the two bases taken together would contain a total
of more than d linearly independent vectors in ¥ which is impossible. On
the other hand, suppose S+ has a basis of fewer than d — m vectors. Then
that basis, taken together with B would have fewer than d vectors, so it
wouldn’t span V. However, this can’t be true because we’ve seen than any
vector in V can be represented as the sum of a vector in S and a vector in S+.

Let H be the orthogonal projection operator onto S, and let ¥ be the or-
thogonal projection of y onto S. Because ¥y is in S, H maps it to itself.

[H o H]y = H(Hy)

1
-
<>

The action of H o H is exactly the same as that of H on every vector, so
they’re the same operator.

If v L S, then clearly v = 0 + v is the unique representation of v as the
sum of a vector in § and a vector orthogonal to §. Therefore Hv = 0,
which means that v is an eigenvector with eigenvalue 0.




Exercise 1.49

Let H; be the orthogonal projection operator onto
S1, and let Hj be the orthogonal projection operator
onto Sy C &;. Explain why Hy — Hj is the
orthogonal projection operator onto the orthogonal
complement of &y within S;.

Exercise 1.50

Let 8o € &1 be subspaces, and let Hy and H; be
orthogonal projection operators onto Sy and &,
respectively. Explain why Hy o Hy = H; o Hy = Hi.

Exercise 1.51

Let M € F™*™ and L € F"™*". Show that the trace
of ML is equal to the trace of ILM.

Exercise 1.52

Let M and I be matrices such that the product MIL
is well-defined. Show that (MIL)T = LTMT.




In our discussion regarding Equation 1.4, we realized that the orthogonal
projection of y onto Sy is the same as the orthogonal projection of Hyy
onto Sp. In other words, it doesn’t matter which order you compose the
operators, you end up at Hpy either way.

The operator Hy — Hy evaluated at y has the value H;y — Hpy. From
our discussion regarding Equation 1.4, we know that this is precisely the
orthogonal projection of y onto the orthogonal complement of Sy within S .

The (i, ) entry of (ML)” is the (j,i) entry of ML, which is >, M ;Lg ;.

The (i, j) entry of LYM” works out to be the same:

D W) k(M) = Ly M.
k

k

The ith diagonal entry of ML is Z;n:l M; ;IL; ;. We express the trace as the
sum of these diagonals then reverse the order of the summations.

tr MIL = i zm: Mi,j]Lj,i

i=1 j=1

=3 L,

=1 4i=1
= trLM




Exercise 1.53

If the columns of U are orthonormal, show that UTU

equals the identity matrix I.

Exercise 1.54

Show that M”M is symmetric.

Exercise 1.55

Show that a square matrix is invertible if and only if
its columns are linearly independent.

Exercise 1.56

Suppose Ml € R"™ " has orthonormal eigenvectors
di, - - .,q, with eigenvalues Aq,..., A, Show that M
can’t have any other eigenvalues.




The transpose of a product of matrices is equal to the product of their
transposes multiplied in the reverse order (Exercise 1.52). Thus

M M) = (M)t ()T
=M"M.

Letting uy, ..., u,, denote the columns,

- ow |
UvTu = u; ... u,

e L |

[ufuy ulu,

lufu; - ulu,

(1

L 1

with every off-diagonal entry equal to zero.

Let us check what would be required for an arbitrary vector w to be an
eigenvector for Ml. We can express w with respect to the eigenvector basis:
Mw = M((w,ai)q1 + ... + (W, dn)dn)
= (w,q1)Mq; + ...+ (w,q,)Mq,
= (W,q1)A1d1 + ... + (W, dn) \ndn.
This is only proportional to w = (w,q1)q; + ... + (W, qy)q, if all of the

non-zero terms share the same eigenvalue coefficient. That coefficient,
which is one of Aq1,..., A, would be the eigenvalue of w.

Let M be a square matrix. First, assume it’s invertible. Then what linear
combinations satisfy Mb = 0?7 Multiplying both sides by the inverse, we
see that the coefficients b = M0 must be the zero vector.

Next, suppose the n columns of M are linearly independent. Then for
each canonical basis vector e;, there is some coefficient vector b; such that
Mb; = e;. The matrix with these coefficient vectors as its columns is the
inverse of M.

o | = [y,
| | - |

| |

B

| |




Exercise 1.57 Exercise 1.58

Let M € R"" be a symmetric matrix with

Let qi,...,q, be an orthonormal basis for R". Show e |
that M has the spectral decomposition non—gegatlve clgenva ue.)s AL, ..o, An and
corresponding orthonormal eigenvectors qy, . . ., qx,.
M = Alqlq{ +...+ Anqan;f Show that the symmetric matrix that has
. : . i lues VA1, ...,V ith e
if and only if qy, ..., q, are eigenvectors for M with elgenvrft Ues VAL -y VA Wit elgenvectOIl‘% ,
eicenvalies \ \ qi, - - -,y is the square root of M (denoted M'/#) in
5 Lo e the sense that M'/2M'/2 = M.
Exercise 1.59 Exercise 1.60
Let M be a symmetric and invertible real matrix. Let Ml be a symmetric real matrix. Show that the

Show that M~! is also a symmetric real matrix. trace of M equals the sum of its eigenvalues.




Using a spectral decomposition, we multiply the proposed square root ma-
trix by itself:

M1/2M1/2 _ Ml/Q(\/quq? + ...+ \/)TnCIan;)
= VM MY2q qF + ...+ VA MY2q,, o7
—— —

VONE-T VAndn
=Naig] + ...+ A\anqy

=M.

Let’s figure out the behavior of A\;qi1q? +. ..+ X\,q,q’ on the basis vectors.

(Maraf + - Awanay)ar = hiar i ar +-- A Adn g
~—— ——
laxl?=1 0
=Ad1
meaning q; is also an eigenvector of this matrix with eigenvalue A;. Like-
wise for qg,...,q,. By establishing that M and \iqiqf + ... + \,q.ql

behave the same on a basis, we see that they must be the same matrix by
Exercise 1.18.

We'll use the matrix form of spectral decomposition M = Q Q7 and the
cyclic permutation property of trace (Exercise 1.51).

trM = tr (Q Q%)

=tr(Q'Q )
T—’
=tr

Let Ay,..., Ay, and qu, ..., q, be eigenvalues and orthonormal eigenvectors
of M. Based on Exercise 1.24, we can deduce that M~! has the spectral
decomposition

M~ = Laqiqf +...+ s-anq,,.

Because M~! is a linear combination of symmetric real matrices (see
Exercise 1.54), it’s clearly a symmetric real matrix as well.




Exercise 1.61

Let Ml be an n x m real matrix. How do you know
that the number of terms in a singular value
decomposition of M can’t be more than min(n,m).

Exercise 1.62

Use a singular value decomposition for M € R"*" to
find a spectral decomposition of M’ M.

Exercise 1.63

Explain why M”M is invertible if and only if the
columns of M € R"*™ are linearly independent.

Exercise 1.64

Let M € R"™". Prove that M is symmetric if and
only if (v, Mw) = (Mv,w) for every v,w € R".




Writing M = USV7,
M™M = (USVT)T (usv?)
=vsTuTusv?
N~
I
= Vs$*vT,

By comparison to the matrix form of spectral decomposition, we see that
MTM has eigenvalues equal to the squares of the singular values of M, and
the corresponding eigenvectors are the columns of V.

The vectors uy,...,uy € R" are linearly independent, so there can’t be
more than n of them. Likewise, the vectors vi,...,vq € R™ are linearly
independent, so there can’t be more than m of them.

First, assume that M is symmetric. For an arbitrary v,w € R", we can use a
spectral decomposition of M to see that

(v,Mw) = v Mw

=v (uaial + -+ Andngn)w

=M (v )@ w) + .o+ A (v ) (g w)

=MW q)(aiv) + .. 4+ A (W' qn)(gnv)

= wT(Alqqu +...+ )\nqan)v

=w' Mv

= (w,Mv).
Next, suppose (v,Mw) = (Mv,w) for every v,w € R". In particular,
apply two canonical basis vectors e; and e;. The vector Me; is the jth

column of M, so (e;, Me;) is the (i, j)-entry of M. By our assumption, it is equal
to (ej, Me;) which is the (j, i)-entry of M which shows that M must be symmetric.

The columns of M are linearly independent if and only if C(M) is m-
dimensional; that’s what we’ll check.
First, suppose m < n, and let V have the singular value decomposition

T T
V=owiv] +... +opumv,,.

Then VTV has the spectral decomposition

VIV = oivivli + .. 402 v vi.
We know that VTV is invertible if and only if its eigenvalues 0%, ...,02, are
positive. The column space of V is a linear combination of all of uy, ..., u,, if
and only if none of the singular values o1, ..., 0, are zero. These conditions

are the same.

Otherwise, if n < m, then the singular decomposition can’t pos-
sibly represent a linear combination of m column vectors, so M can’t
have linearly independent. Similarly, the squared singular values can’t
account for the m positive eigenvalues that V7'V would need to be invertible.




Exercise 1.65

Let H be a real matrix. Use Exercise 1.64 to show
that if H is an orthogonal projection matrix then it
must be symmetric.

Exercise 1.66

Provide a formula for the matrix that maps y to its
orthogonal projection onto the span of the unit
vector u € R".

Exercise 1.67

Show that the trace of an orthogonal projection
matrix equals the dimension of the subspace that it
projects onto.

Exercise 1.68

Let M be a matrix. Explain why the rank of the
orthogonal projection matrix onto C'(M) must be
exactly the same as the rank of M.




The orthogonal projection of y onto the span of u is (y, u)u. By rewriting
this as uu’y, we realize that the matrix uu’ maps any vector to its
orthogonal projection onto the span of u.

(Hv,w) = (Hv,Hw + (w — Hw))
= (Hv,Hw) + (Hv,w — Hw)

Because Hw is in the space that H projects onto while w —Hw is orthogonal
to it, the second term is zero. Similarly,

(v,Hw) = (Hv + (v — Hv), Hw)
= (Hv,Hw) + (v — Hv, Hw) .
—_———
0
Both (v,Hw) and (Hv,w) simplify to (Hv,Hw), so they are equal to each
other.

It’s also clear from the formula derived in Exercise 1.71 that orthogonal
projection matrices are symmetric. However, I prefer the argument used
here because it’s more readily extended to orthogonal projection operators.

The equality of ranks follows from the stronger observation that the or-
thogonal projection matrix must have the exact same column space as M.
Every vector in C'(M) gets mapped to itself by the orthogonal projection
matrix, so its column space is at least as large as C(M). However, the
orthogonal projection of any vector onto C'(M) must by definition be in
C(M), so the orthogonal projection matrix cannot map any vector to a
result outside of C'(M).

From Exercise 1.60, we know that the trace of H equals the sum of its
eigenvalues A1, ..., \,. Furthermore, because it’s is an orthogonal projec-
tion matrix, we know that it yields the spectral decomposition

H=1)aiql +...+(Damql + (O)qmﬂqﬁﬂ +...+(0)gnql

where q1, ..., q,, are in the subspace that H projects onto and the rest are
necessarily orthogonal to it. We see m terms with the eigenvalue 1 and
the remaining terms with the eigenvalue 0, so their sum is m which is the
dimension of the subspace that H projects onto.




Exercise 1.69

Let M € R"™ and y € R". Explain why the Normal
equation
M Mb = My

is satisfied by the coefficient vector b € R™ if and
only if Mib is the orthogonal projection of y onto
C'(M).

Exercise 1.70

Suppose M € R"*" has linearly independent,
columns. Provide a formula for the coefficient vector
b for which Mb equals the orthogonal projection of

y € R" onto C(M).

Exercise 1.71

Suppose Ml € R"™™ has linearly independent
columns. Provide a formula for the orthogonal
projection matrix onto C'(M).

Exercise 1.72

Show that M["M equals the orthogonal projection
matrix onto the row space of M.




Because the columns are linearly independent, we know that M”M is in-
vertible and thus the Normal equation

MTMb =My

is uniquely solved by b = (MTM)~*MTy.

The orthogonal projection Mb is the unique vector in C'(M) with the prop-
erty that y — Mb L C(M). It is equivalent to check that y — Mb is orthog-
onal to every column vy,..., v, of M. Equivalently the following quantity
should be equal to the zero vector:

M7 (y — Mb) = : (y — Mb)

v (y — Mb)

L"m

Setting this vector M7 (y — MB) equal to the zero vector results in the
Normal equation.

Let M = USV7 be a singular value decomposition for which S is square and
has only positive values along its diagonal.

M™M = VS~'uTUsv”
=vv?
Exercise 1.71 indicates that the orthogonal projection matrix onto C(V) is
V(VTV)~'VT which simplifies to VVT because VIV is the identity.

It only remains to establish that C(V) is the row space of M. Letting
the entries of w be the coefficients of the linear combination,

wiM =wl (oyuv! + ... oqugv?)
= o (w,m)vi + ... +oglw,ug)vy.

Any linear combination of v7 ... ,V?; can be produced by the appropriate
choice of w, but no vector outside of their span can be produced.

We've already derived in Exercise 1.70 a formula for the desired coefficient
vector b = (MTM)~ My, so we simply plug this into Mb to find the
orthogonal projection of y onto C(M).

y = Mb
=MM'M)'My

Therefore, we see that y is mapped to its orthogonal projection onto C'(M)
by the matrix M(M*M)~'M7T.




Exercise 1.73

Explain why the Moore-Penrose inverse of an
invertible matrix must be its inverse.

Exercise 1.74

Of all coefficient vectors that satisfy the Normal
equation, show that b = (MTM)"M”§ has the
smallest norm.

Exercise 1.75

Show that MMM = M.

Exercise 1.76

For a unit vector u, express the quadratic form

u’Mu as a weighted average of the eigenvalues of
M e R""




From Section 1.5, we know that every solution can be represented as b+w
for some w in the null space of M7 M. Let M”M have spectral decomposi-
tion

M™™ = ofviv] + ...+ 03vavy + (0)Var1Va + ...+ (0)vvi.
with positive 7,...,02. It’s clear that the null space is exactly the span
of {Va+1,---, Vi }. On the other hand, by definition of generalized inverse,
b is in the span of {vy,...,v4}. The squared norm of any solution b + w

is ||b]|? + ||w||?, so the solution of smallest norm is b.

If M € R™™" is invertible, then its row space is R". Exercise 1.72 implies
that M—Mw = w for every w € R”. M~ must be the inverse according to
Exercise 1.22.

Let q1,...,q, be an orthonormal basis of eigenvectors for M with eigenval-
ues A1, ..., A,. We can represent u with respect to the eigenvector basis as

(u,q1)q1 + ...+ (1,9n)qn-
u"Mu = u"M((u,q1)a; + ... + (u,q,)qn)
=u”((u,q1)Mq; + ... + (u,q,) Mq,,)
~—~— ~—~—

A1qi AnQn
= <u7 Q1>2>\1 +...+ <u>qn>2)‘n
(u,q1),...,(u,q,) provide the coordinates of u with respect to the basis
di,---,9n. Because u is a unit vector, the sum of these squared coordinates

has to be 1. Additionally, the squared coordinates are non-negative. Con-
sequently, we've expressed u” Mu as a weighted average of the eigenvalues;
the weights are the squared coordinates of u with respect to the eigenvector
basis.

Let M have singular value decomposition USV” where S is a square matrix
with strictly positive diagonals. Then

MMM =USVIVSUTusv”
—— N~
I I
=UsSv”
=M.




Exercise 1.77 Exercise 1.78

Identify a unit vector u that maximizes the Given any real matrix M, show that M7 M is
quadratic form u? Mu. positive semi-definite.
Exercise 1.79 Exercise 1.80
Let M be a symmetric real matrix. Show that M is Let H € R"™" be an orthogonal projection matrix,
positive semi-definite if and only if its eigenvalues and let v € R". Show that the squared length of Hv

are all non-negative. equals the quadratic form v Hv.




Exercise 1.54 established that the matrix in question is symmetric. The
quadratic form

vIiMTM)v = (vIMT)(Mv)
— (Mv)T (M)

equals the squared norm of the vector Mlv which is non-negative.

From Exercise 1.76, we know that the quadratic form equals a weighted
average of the eigenvalues. This weighted average is maximized by placing
all of the weight on the largest eigenvalue, that is, by letting u be a principal
eigenvector. Such a choice of u makes u” Mu equal to the largest eigenvalue.

Because H is symmetric and idempotent,
[Hv|* = (Hv)" (Hv)
=vIH"Hv

= v Hyv.

From our work in Exercise 1.77, we’ve seen how to express the quadratic
form as a linear combination of the eigenvalues

VTMV = <V7 Q1>2)\1 +...+ <V7qn>2)\n-

If every eigenvalue is at least zero, then every term in this sum is non-
negative so the quadratic form must be non-negative. Conversely, if A; is
negative, then the quadratic form arising from v = q; is negative, as it
equals Aj;.




Exercise 1.81

Let x1,...,x, be the rows of a real matrix X. Show
that the quadratic form u” (:X’X)u is equal to the
average of the squares of the coefficients of

Exercise 1.82

Let xq,...,x, be the rows of the matrix X. Show
that 1X”X is the matrix whose (j, k)-entry is the
average of the product of the jth and kth

X1, ...,X, with respect to u. coordinates of the vectors x1,...,X,.
Exercise 1.83 Exercise 2.1
Let x4, ...,x, be the rows of a real matrix X. Sho :
hat lthe z;veZ'a, o squared leneth L g H;DT‘Q o ualsw Show that the entries of v = (vy,...,v,) have mean
g =4 S 2 %]l e zero if and only if v is orthogonal to 1 = (1,...,1).

the sum of the eigenvalues of %XTX.




The product of the matrices
| N
XI'X=|x; -+ x,
| - <

has as its (j, k)-entry the inner product of the jth row of X? and the

kth column of X. With z; ; denoting the jth coordinate of x;, this inner

product equals ). x; jx; . When multiplied by 1/n, this entry is indeed

the average of the products of the coordinates. By thinking about summing

over the observations, %XTX can also be understood as an average of
T

rank-1 matrices 1x;x7.

We'll first express the quadratic form in terms of the squared norm of a
vector.

u’ (2XTX)u = %(XU)T(XU)
= +|[Xul?
The entries of the vector Xu are the coefficients of x1,...,x, with respect

to u. Its squared norm is the sum of its squared entries, so 1 ||Xul|? is the
average of the squared coefficients.

The average of the entries is proportional to the inner product of v with 1.
LN = L(v,1)
i

So the average is zero if and only if the inner product is zero.

By Parseval’s identity, the squared norm equals the sum of the squared
coordinates using any basis; let’s consider the orthonormal eigenvectors
di,---,dm of %LXTX, with A1,..., )\, denoting their eigenvalues. Recall
that Exercise 1.81 allows us to rewrite the average of squared coefficients
as a quadratic form.

LN bl = 1 (rivan)® + -+ (ki am)?)
% Z<xiu Cl1>2 +...+ %Z<X17qm>2

= al AX"X)qr + ... + ] (1XTX)q,,
N————’ N————

A1 Am

Exercise 1.76 demonstrated that a quadratic form evaluated at a unit
eigenvector equals the corresponding eigenvalue.




Exercise 2.2

Use the Pythagorean identity to decompose the
average of the squared differences between the
response values and a € R, that is £ > (y; — a)?,
into two terms, one of which is the empirical
variance of y1, ..., yn.

Exercise 2.3

Is it possible for the least-squares line’s sum of
squared residuals to be greater than the least-squares
point’s sum of squared residuals?

Exercise 2.4

The variables picture provides us with a more
specific answer to the question posed in Exercise 2.3.
Use the Pythagorean identity to quantify the
difference between the least-squares point’s sum of
squared residuals and the least-squares line’s sum of
squared residuals.

Exercise 2.5

Show that the correlation between two vectors
equals the empirical covariance of their standardized
versions.




The set of possible prediction functions corresponding to lines
{f(z) = a+bx : a,b € R} is strictly larger than the set of possible
prediction functions corresponding to points {f(z) = a : a € R}. A line
predicts every response value by the same number if its slope is zero. By
definition, the least-squares line will use a slope of zero if and only if that
leads to the smallest possible sum of squared residuals, in which case its
sum of squared residuals would be equal to that of the least-squares point.

We can write Y, (y1 —a)? as the squared norm |y —al||?. The vector y —al
is the hypotenuse of the right triangle whose other two sides are y — 1 and
y1 — al. By the Pythagorean identity,

L0 - a) = Ky - a1

= 2{ly - 51/ + llgt — a1
Z(yz- ~9)° +n(y—a)’
=2 W9+ (- a)”

S|

Ox,y
OxOy

C mx—aly -
(V1/nlx = Z1[)(\/1/nlly - 71])
_ (x—71,y — y1)
Ix — z1[[ly — g1|

Pxy =

Because g1 is in the span of 1 and x, we see that the least-squares
line’s residual vector y — ¥ must be orthogonal to § — g1. Invoking the
Pythagorean identity,

ly = 711> = Iy — g11* + lly — 31>

The least-squares point’s sum of squared residuals is larger than the
least-squares line’s sum of squared residuals by ||y — g1]|2.




Exercise 2.6
Let y € R" be a response variable and x € R" be an
explanatory variable. Consider fitting the response
variable using quadratic functions of the explanatory
variable:

{fa,b,c(iﬂ) = a+ bz + cx? a,b,c e ]R}.

Show that the set of possible prediction vectors is a
subspace of R".

Exercise 2.7
Let y € R" be a response variable vector and x € R"
be an explanatory variable vector. Consider
predicting the response variable by using quadratic
functions of the explanatory variable:

{fa,b,c(l‘) = a+bx +cx?: a,b,c e R}.
Explain how to find the coefficients (a, b, ¢) of the

quadratic function that minimizes the sum of
squared residuals.

Exercise 2.8

Let ¥ be the orthogonal projection of y onto C'(M).
Explain why (M?TM)~MT§ must be equal to
(MIM)"MTy.

Exercise 2.9

Suppose ¥ is the orthogonal projection of y onto S,
y is the orthogonal projection of y onto Sy C S, and
that 1 € §y. Explain why

Iy — g1l = Iy — 1l° + Iy - 3>




With x? representing the vector of squared explanatory values, we can use
the design matrix

|
M:= |1 x x?
I

Accprding to Theorem 2.4, the Ileast-squares coefficients are
(G,b,¢) = (MTM)"MTy.

Let fup.c(x) denote the vector of predictions (fap.c(%1),---; fabc(Zn))-

With x2 representing the vector of squared explanatory values, an arbi-

trary linear combination of two arbitrary vectors of predicted values is

alfal,bl,cl (X) + a2fa2,b2,62 (X) - al(al]- + b1X + Clxz) + 042(0421 =+ bQX + C2X2)
= (a1a1 + a2a2)1 + (a1by + azbe)x + (arer + azes)x?
= fa1a1+a2a2,a1b1+a2b2,a1c1+a202 (X)

which is another possible vector of predicted values that can be achieved
using a quadratic function. In fact, we can see that the set of possible
predictions is exactly the span of 1, x, and x2.

The vector ¥ is defined to be the orthogonal projection of y onto Sp.
However, it’s also the orthogonal projection of § onto Sy because according
to Exercise 1.50, orthogonal projection onto S followed by orthogonal pro-
jection onto Sy lands you at the exact same vector that a single orthogonal
projection onto Sy does. Likewise, y1 is the orthogonal projection of ¥
onto 1. Invoke the ANOVA decomposition with § playing the role of the
response variable.

There’s an intuitive explanation for this. You can think of (M”M) M7 as
the matrix that maps any vector in R” to the (minimum norm) coefficients
of the columns of M that lead to the orthogonal projection of that vector
onto C(M). Because the orthogonal projection of § onto C'(M) is exactly
the same as the orthogonal projection of y onto C'(M) (namely, both are
¥), the coefficients leading to this orthogonal projection must be the same.




Exercise 3.1

Explain why the sum of the probabilities of F; and
E5 is at least as large as the probability of their
union.

Exercise 3.2

Let X be a random vector mapping to the complex
plane with the representation X =Y + iZ where Y
and Z are random variables. Verify that EY +:EZ
is the expectation of X by checking property (ii),
assuming that property (iii) holds for random
variables.

Exercise 3.3
Suppose x satisfies E(X,v) = (x,v) and y satisfies
E(Y,v) = (y,v) for all v. In order to justify an
implicit claim in our definition of expectation for
random vectors, verify that

E(X+Y,v)=(x+y,v)

for all v. In other words, verify that the expectation
of a sum is indeed the sum of the expectations when
all expectations are defined by property (ii),
assuming that property (iii) holds for random
variables.

Exercise 3.4

For a random vector X and scalar a, show that
EaX = aEX.




Let X =Y + iZ with random variables Y and Z, and let a = b + ic be a
complex number.

E(X,a) =E(Y +iZ,b+ ic)
=E[(Y,ic) + (Y,b) + (iZ,b) + (iZ,ic)]
=E[(=i)(Y,¢) + (Y, b) + i{Z,b) + (i)(—i){Z, c)]
R
=E(Y,b) + (Z,c)) +iE({Z,b) — (Y,c))
= (EY,b) + (EZ, ¢) +i(EZ,b) — i(EY, c)
~—— —_——

(iEZ,ic) —(EYic)
= (EY +iEZ,b) + (EY +iEZ,ic)
= (EY +iEZ,a)

The union of F; and F5 is the same as the union of the disjoint sets F; and
E5/E; (the part of Es that isn’t in Eq). With P mapping each event to its
probability,
P(Ey U Es) =P[Ey U (Ey/Eq))
=PFE; + P(Ey/Ey)
<PE; + PE;

To understand the last step, realize that E5 can be represented as the
disjoint union Ey = (E2/E1) U (Ey N Ey).

If X is a random vector taking values in the complex plane, then inner prod-
uct is the ordinary product, so property (ii) of our definition of expectation
says that EaX = aEX.

Now we’ll use that fact to establish the more general result for random
vectors.

First, let’s verify the claim in question when X and Y map to the complex plane;
we’ll represent them by X; + ¢X> and Y + iY> respectively. Based on Exercise
3.2,

E(X+Y)=E(X; +iXs + Y1 +iY2)
=E[(X1 + Y1) +i(X2 + Y2)]
=E(X1 + Y1) +iE(X2 + Y2)
=EX; + EY; +iEX, 4 iEY;
= (EX; +iEX,) + (EY; +iEYz)

EX EY

Using this result, we can prove the general case.
E(X+Y,v) =E[(X,v) + (Y, V)]
=EX,v)+E(Y,v)
=(xv)+{y,v)
=(x+y,v)




Exercise 3.5

Suppose the random vector X maps every point in
the sample space to w. Show that EX = w.

Exercise 3.6

Let X be a random vector and v be a non-random
vector. Explain why E(X 4+ v) = EX + v.

Exercise 3.7

Suppose EX = 0. Show that the coordinate of X
with respect to u has expectation 0.

Exercise 3.8

Let X be a random vector that maps to a real vector
space with an inner product. Show that the
expected squared length of X equals sum of the
expected squares of its coordinates with respect to
any orthonormal basis uy, ..., u,,.




The random vector X + v maps any w to X(w) + v; we're justified in
treating v as if it’s the random vector that maps every element of the
sample space to the vector v. By property (iii), E(X + v) = EX + Ev, and
by Exercise 3.5, Ev = v.

where () represents the whole sample space and therefore has probability 1.

This is a simple consequence of Parseval’s identity.

E[IX[]* = E[(X,w)* + ... + (X, upm)’]
=EX,u)? +... +E(X, u,,)?




Exercise 3.9

Let X = (Xy,...,X,) be a random vector,
v = (v1,...,v,) be a non-random vector, and M be
an n X m matrix. Show that

E(v + MX) = v + MEX.

Exercise 3.10

Suppose X is a discrete random vector with

probability mass function p on {xy,...,x,}. Show
that EX = . x;p(x:).

Exercise 3.11

Let X be a discrete random variable whose possible
values are the positive integers. In particular,
suppose that P{X = k} is proportional to 1/k? for
ke {1,2,...}. What’s the expectation of X7

Exercise 3.12

Suppose X is uncorrelated with each of Y7,...,Y,,.
Show that X is also uncorrelated with
CL1Y1 + ...+ CLnYn.




The random vector can be represented by the sum
X(w) = Xllx(w):xl +...+ Xn]-X(w):xn
Taking the expectation,
EX = ]E[Xl 1X=x1 4+ ...+ xnlx=xn]
= X1 ElX:xl + . —|— Xn ]ElX:xn
—— ————
p(x1) p(xn)

by property (i) of the definition of expectation.

From Exercise 3.6, E(v + MX) = v + EMX. Let m,...,m, be the rows
of M. Putting the expectation into each coordinate of the vector,

m{X
EMX =E :
ml'X

[Em? X

_]Eme_
(mTEX]

_szX_
= MEX.

E(X — EX)[U,lYl + ...+ anYn — E(a1Y1 + ...+ anYn)]
= E(X - ]EX)[alYl +...+ anYn - (aﬂEYl +...+ a”EYn)]
=a E(X —EX)(Y; —EY1) +... 4 a, E(X — EX)(Y, — EY,)

0 0

=0

Recall that ;7 | 75 = 72/6, so this distribution is well-defined. However,
its expectation is

EX = ik]P’{X =k}




Exercise 3.13

If events Fj, ..., E,, are independent (meaning that
their indicator functions are independent random
variables) and each has probability ¢, what’s the

probability that at least one of them occurs?

Exercise 3.14

Let X be a random vector and v be a non-random
vector. Show that if E(X,v) is real, then it’s equal
to E(v, X).

Exercise 3.15

Let Y be a random vector with expectation p. Find
the non-random vector v that minimizes E||Y — v||2.

Exercise 3.16

Explain how Exercise 2.2 is an instance of the
bias-variance decomposition.




We can express the first inner product as (X,v) =Y +iZ for some random
variables Y and Z. If its expectation EY + {EZ is real, then EZ must be
0. The other inner product is the complex conjugate (v,X) =Y —iZ. Its
expectation EY — iEZ simplifies to EY as well.

Each event has probability 1 — ¢ of not occurring. The probability of an
intersection of independent events equals the product of their probabilities,
so the probability that none of the events occur is (1 —¢)™. The probability
that at least one occurs is 1 — (1 — ¢)™ since it’s the complement of the
event that none of them occur.

If the distribution of the random variable Y is the empirical distribution
defined by y = (y1,...,¥yn), then its expectation is y. By the bias-variance
decomposition,

E(Y —a)? = (a—EY)? + E(Y ~EY)’
$
P>l = (a9 5w - 9)”

i

By the bias-variance decomposition, the objective function equals
lv — u|* + E|Y — p]|?. The second term doesn’t depend on v, so we can
minimize the sum by taking v to be p which makes the first term zero.




Exercise 3.17

Let Y be a random vector that is an unbiased
estimator for @, that is EY = 6. If A € R, express
|IE(AY) — 0]|* (which can be thought of as the
squared bias of the estimator \Y) in terms of A and
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Exercise 3.18

Let Y be a random vector, and let A € R. Express
E[NY — E(AY)|)? in terms of A and E|Y — EY]2.

Exercise 3.19

Let Y be a random vector that is an unbiased
estimator for @ € R". Use the bias-variance
decomposition along with your results from

Exercises 3.17 and 3.18 to find an expression for
A € R (in terms of ||0]|* and E|Y — 0]?) for which
E[|@ — XY |]? is as small as possible.

Exercise 3.20

Let X be a random matrix whose entries have finite
expectations, and let M be a non-random matrix.
Assuming MX is well-defined, show that
EMX = MEX. Alternatively, assuming XM is
well-defined, show that EXM = (EX)M.




Factoring out A,

E[XY —E\Y)[* =E[A(Y —EY)]?
= NE|Y - EY|?

[E(XY) - 6]* = [\EY 6]
=<~
]
=[x =18
= (1-X?[l6]?

Note that the factor (A — 1)? is equal to (1 — A)? which is a bit more
intuitive when A € [0, 1].

The (4, 7) entry of EMX is Em! X; = m!EX; where m; represents the ith
row of M and X represents the jth column of X. This is also the (i, j)
entry of MEX. Similarly, the (4,7) entry of EXM is EX?m; = (EX;)"m;
where X; represents the ith row of X and m; represents the jth column of M

By the bias-variance decomposition and our previous results,
E[|6 — XY [ = [[E(XY) - 6] + E[|]XY — E(AY)|?
=(1-X)?|6|]> + NE|Y —EY|.
Taking the derivative with respect to A, and setting it to zero, we get the
critical \*:
(1=A9)6l* = NE|Y —~EY|J

%. Realize of course that when estimat-
ing an unknown parameter 8, we can’t actually calculate this optimal value.

is solved by \* =




Exercise 3.21

Show that an alternative expression for the
covariance matrix of Y is E[(Y —EY)(Y — EY)7].

Exercise 3.22

Let Y be an R"-valued random vector, and let
v € R". Use Exercise 3.21 to show that the
covariance of v +Y has the same covariance matrix

as Y.

Exercise 3.23

Let Y be a random vector with covariance matrix C.

Let v be a non-random vector, and let Ml be a real

matrix. Show that the covariance of v + MY is
MCMZ,

Exercise 3.24

Show that every covariance matrix is positive
semi-definite.




cov(v+Y)=E[v+Y-E~v+Y)(v+Y -E(v+Y)T]
=E[(Y -EY)(Y —EY)7]
=covyY

We’ll work out the matrix resulting from the multiplication then move the expec-
tation into the matrix entries.

Y1 — EY;
E[(Y —EY)(Y —EY)"|=E : [Vi —EY; .- Y, —EY]
Y, —EY,

[(Yi — EY3)(Y: — EY3) (Y1 — EY3)(Y, — EY,,)
=K . . .
(Yo — EY,)(¥ — EY)
E[(Yi — EY1)(¥i — EYi)]

(Yn — EY,)(Y, — EY,,)

E[(Y, — EY,)(Y: — EY1)]

The empirical covariance matrix expression in Equation 1.7 can be understood
as an empirical version of this.

To satisfy the definition, we need to show that every quadratic form is
non-negative. We’ll use the covariance expression from Exercise 3.21 and
consider its quadratic form for an arbitrary vector v,

vIE(Y —EY)(Y -EY)']v

EvT(Y —EY)(Y -EY)"]v
EvT(Y —EY)(Y —EY)Tv]
E(Y —EY,v)2.

The expectation of a non-negative random variable has to be non-negative.

By Exercise 3.22, cov (v + MY) = covMY.

corMY = E[(MY — EMY)(MY — EMY)7]
— E[(MY — MEY)(MY — MEY)7]

— E[(M(Y — EY))(M(Y — EY))]
= M(E[(Y - EY)(Y — EY)T])MT
= MCM”

E[(Yi — EVi)(Y, — EY,)]

E[(Yn — EY,) (Y, — EY,)]




Exercise 3.25

Show that E||X — EX||? = tr (cov X).

Exercise 3.26

Suppose X1, ..., X, are uncorrelated random
variables. Show that the variance of their sum
equals the sum of their variances.

Exercise 3.27

Let € be a random vector with expectation 0 and
covariance matrix o?I. Let v be a non-random
vector, and let H be an orthogonal projection

matrix. Find the covariance matrix of H(v + €).

Exercise 3.28

Let X have expectation pux and Y have expectation
. Show that the expected inner product between
the centered vectors X — pux and Y — py is the
same as the expected inner product when only one
of them is centered.




Let X := (X1,...

Exercise 3.23,

,X,), and let o3, ..

.,02 represent the variances. Using

var Z X; =var1TX
i

E|X — EX|? =E[(X; - EX;)* 4+ ... + (X, — EX,,)?]
=E(X; —EX;)* +... +E(X, - EX,)?

These variances are the diagonals of the covariance matrix, so its trace is
their sum.

E<X —pux, Y — HY> = E<X - NX7Y> - E(X — px, NY>
=EX - px,Y) - (EX — px, py)
——

0

= E<X - MXaY>

The same argument works for Y — p+ if you keep Exercise 3.14 in mind.

Distribute the matrix multiplication to get Hv +He. According to Exercise
3.23, the covariance is

H(o?DH? = ¢*HH”
= o’H

by symmetry and idempotence of orthogonal projection matrices.




Exercise 3.29

Use Exercise 3.28 to observe that

(x—21,y) = (x — 21,y - j1).

Exercise 3.30

Let X be a random vector mapping to a real vector
space, and let v be a non-random vector. Show that
the variance of the coordinate of X with respect to u
is the same as the variance of the coordinate of
X + v with respect to u.

Exercise 3.31

If X has expectation p, find the expectation of the
centered version X — p.

Exercise 3.32

Let M be a positive definite matrix. Based on
Exercises 1.24 and 1.58, explain why the inverse of
the square root of M is the same as the square root

of the inverse of M.




The difference between (X+v,u) and (X, u) is (v, u) which is non-random.
By Exercise 3.23, we can conclude that they must therefore have the same
variance.

Let the joint distribution of (X,Y) be the empirical distribution of
(-Thyl)a"w(mnayn)-

e = 7Ly) = n} 3 l(a - )

= nE[(X — EX)Y]
= nE[(X — EX)(Y — EY)]

=ny Z[(l“i —7)(yi — )]

= <X7f13y7g1>

To find the square root of a positive semi-definite matrix, you replace the
eigenvalues by their square roots. To find the inverse of an invertible sym-
metric matrix, you replace the eigenvalues by their reciprocals. No matter
which order you do these two operations in, you end up with the same
matrix:

Vg e A

where qq, ..., q, are eigenvectors of M with eigenvalues A1,..., A,.




Exercise 3.33

Let Y have expectation p and covariance matrix C.

Find the expectation and covariance of
C12(Y — ).

Exercise 3.34

If Y has expectation p and a positive definite
covariance matrix C, find the expected squared
Mahalanobis distance from Y to its own
distribution.

Exercise 3.35

Let H be the orthogonal projection matrix onto a
d-dimensional subspace S C R", and let Y be a
random vector with covariance matrix o?I. Show
that

E|HY|* = do® + || Hpl|*.

Exercise 3.36

Let Xi,..., X, all have expectation py, and let
Yy, ..., Y, all have expectation py. Suppose
cov(X;,Y;) equals oy y if i = j and zero otherwise.
Find the expectation of

SO - X)(Yi - 7).

1




Let Z := C '/2(Y — ) represent the standardized version of Y, and let
(Z1,...,Zy,) represent its coordinates. Notice that the squared Mahalanobis
distance from Y to its distribution is exactly the squared norm of the stan-
dardized version.

E(|CTY2[Y — p]|* = E||Z||?
=EZ} +...+EZ?2
=varZ;+...+varZ,
S~—— N——
1 1
=n

The expected squared Mahalanobis distance is the dimension of the vector
space that Y inhabits.

The random vector Y — p has expectation zero, so based on Exercise 3.9,
(C_l/Q(Y — w) has expectation C~'/20 = 0. For the covariance, we apply
the formula from Exercise 3.23 to get
cov [CTV2(Y — )] = C~V2c(Cc V3T
_ Cfl/ch/Q C1/2C71/2

I I
=1L

Let Y := (Y1,...,Y,) and X := (X1,..., X,). The matrix
(X1 —px)(Y1 — py) (X1 —px) (Yo — py)
(X —px)(Y —py )T = .

(X — px)(Y1 — py) (Xn —px) (Yo — py)

has expectation ox yI.
Let J be the orthogonal projection matrix onto the span of {1}. We’ll use the same trace
cyclic permutation trick that was advantageous for evaluating expected quadratic forms.

EY (X — X)(Y; - Y) =E(Y - Y1) (X — X1)

=E[(I - )Y]T[(1 - DX]

=E[(I = 1)(Y — py D] [(1 = I)(X = px1)]
=E(Y —py )T ([ —D)(X — pyx1)

=Bt [(Y — py )T (1= I)(X = px1)]

=t [ = DEX - px1)(Y — py1)7]

ox,yl

= (n — 1)0‘)(,)/

By comparison to Equation 3.1, all that remains is to verify that the trace
of Ho?I is do?.

tr [Ho?l) = otr H

= do?

because according to Exercise 1.67 the trace of an orthogonal projection
matrix equals the dimension of the subspace that it projects onto.




Exercise 4.1

Suppose that Y7,...,Y, satisfy a location model
Y; =+ €;.

Show that the least-squares point (Theorem 2.1) is
an unbiased estimator for a.

Exercise 4.2

Suppose that Y7, ...,Y,, are uncorrelated and all
have the same variance o?. What’s the variance of
the least-squares point?

Exercise 4.3
Let x1,...,x, € R be values of an explanatory
variable, and suppose that the response variable
Y1, ...,Y, satisfies a simple linear model

Y;:Oé‘Fﬁ(xz—i')‘FE@

Assuming x4, ..., x, are all the same number, show
that the coefficients & and (8 in the least-squares line
y = & + [(x — &) are unbiased estimators for a and

B.

Exercise 4.4

Suppose Y7, ...,Y, are uncorrelated and all have the
same variance o2. If x1, ..., x, are values of an
explanatory variable, what’s the covariance matrix
of the coefficients & and B in the least-squares line
y=d+fBx—1)?




The variance of a constant times a random variable equals the square of
that constant times the variance of the random variable (Exercise 3.23).
Furthermore, the variance of a sum of uncorrelated random variables equals
the sum of the variances (Exercise 3.26).

varY = var (% ZYZ)

Remember that the least-squares point is simply the average of the response
values. The expectation is

EY =E(+) V)

L

1
= = var Y;
n =
—— .
i 2
g
1 2
= 25 (no?)
n
2
g
n
2 ) ) R ) -
The variance of @ works out to be UT’ exactly as in Exercise 4.2. The variance of b is The least-squares line has & = Y, and its expectation is
v 1
EY = E(= Y;
A Lix—z1,v) . - (n; i)
arb = var -—F—— = cov(x —z1)" Y
v v = g eov( ) )
2 2 > &
1 =1 T 52 = ’ =112 i K
= -1 To21x - 71) = Ix — 712 = 2 atBlog—2)
nTox n2ct— — nol
— 1 =
no2 7Ot+[3HZ(zi71)
i
unless 0)2( = 0 in which case B = 0 has variance 0. These two variances are the diagonals of the covariance 0
matrix. The off-diagonals are equal to the covariance between @ and b. It will be important to realize that
the average of the entries of EY is = a.
The other coefficient’s expectation is
11Tey = 11T (a1 - (x — #1)] = a — B(z — &) = . P
R (x — 21, Y — Y1)
Thus ¥ — a can be rewritten as 217 (Y — EY). Ef=E—————
n lIx — 1]l
1 - _ -
_ Lix—z1,Y (x — #1,EY — EY'1)
E(Y — o) L# =E— 51T (v —EV)¥yT(x - 21) == " =7
Tx nfoy |x — 1|2
= L 1TEY —E)YT)(x — 31) (x — 21, [al + B(x — z1)] — al)
n202 = p—
* [[x —z1]

21

2
o 13T (x —z1)=0
no. "

%

T—T

(x — @1, x — @1)

llx — z1)|2




Exercise 4.5

Suppose that a response variable satisfies a simple
linear model of an explanatory variable and that it is
predicted by the least-squares line. Which is larger:

the sum of squared errors or the sum of squared
restduals? Base your answer on the definition of the
least-squares line, and explain.

Exercise 4.6

The variables picture provides us with a more
specific answer to the question posed in Exercise 4.5.
Use the Pythagorean identity to quantify the
difference between the sum of squared errors and the
sum of squared residuals.

Exercise 4.7

Let (:vgl), e ,:Egm)), e (xq(ll), e ,xq(mm)) € R™ be n observations
of m explanatory variables, and suppose that the response
variable Y7,...,Y,, satisfies a multiple linear model

Y= a+ Bi@® —20) 4.+ Bu(a™ — M) 4 ¢,

Assuming the explanatory variables’ empirical covariance
matrix X is full rank, show that the coefficients &, £y, ..., G, in
R the least-squares hyperplane
y=a+ B (z® —zW) + .+ B,(z™ — ™) are unbiased
estimators for «, 81, ..., Bm.

Exercise 4.8

Suppose Y7, ...,Y, are uncorrelated and all have the
same variance o2. With
(argl), .. ,xgm)), o (:1:%1), .. 7337(1m)) cR" asn

observations of m explanatory variables, what’s the
variance of & and the covariance matrix of
B = (Bl, e Bm) in the least-squares hyperplane
y=da+ B (™ —zW) + .. 4 B (zl™ — z0m)?




The error vector forms the hypotenuse of a right triangle whose other sides
are Y — EY and the residual vector Y — Y. Invoking the Pythagorean
identity,

el = 1Y = YII* + Y —~EY|?*.

The sum of squared errors is larger than the sum of squared residuals by
Y —EY|%.

The sum of squared errors is the sum of squared differences between the
response values and the true line, while the sum of squared residuals is the
sum of squared differences between the points and the least-squares line.
The least-squares line is, by definition, the one with the smallest possible
sum of squared differences from the points, so the sum of squared residuals
can’t possibly be larger than the sum of squared errors.

Remember that & = Y has the representation « +% >, €. Its variance once

again works out to be %2 The covariance matrix of 3 is
A _ —1§T
covB=covi XY
=S IXT(*D[E iXT)T
= 5 (LXTX)n-
——

P
2

et 0—27
n
by Exercise 1.75.

The least-squares hyperplane has & = Y, which can be expressed as
v 1
V=22V
3
1 (1 _
=i+ s —aM bt @™ - a(™) 4 e
i

—atm i e eyt ham 2T ™ —aM 4+l T
K k3 k3

0 0
—a+ L Z €
n e
i
Its expectation is
e 1 el —
EY = a+ £+ Ee; = a.
T~
0
The vector of empirical covariances of ¥ with x(1), ... x(™) can be expressed as LXTY where X is the

centered version of the explanatory data matrix. Substituting this representation into the formula from
Theorem 2.3,

B8 =Es ' 1xTy = 271 15Ty = 271 15T (a1 + Zp)

=21 axT14+ 15T%pg) =" 'sp = 5.
n n
-~

0 =




Exercise 4.9

Suppose Y7, ...,Y, are uncorrelated and all have the
same variance 0. With
(xgl), . ,xﬁm)), . (:C%l), . ,x%m)) eR™asn
observations of m explanatory variables, show that &
is uncorrelated with every Bl, e Bm in the

least-squares hyperplane.

Exercise 4.10
Let x1,...,%, € R™ be n observations of m
explanatory variables, and suppose that the response
variable Y7, ....Y,, satisfies a linear model

Yi=mg0(xi) + ...+ va9a(x:) + €.

Assuming the columns of the design matrix are
linearly independent, show that the coefficients

A, . ..,7q in the least-squares linear fit
Y =%01(X) + ...+ J494(x) are unbiased estimators
for v1,...,7va.

Exercise 4.11

Suppose Y7, ...,Y, are uncorrelated and all have the
same variance 0. With x;,....x, € R" asn
observations of m explanatory variables, what’s the
covariance matrix of 4 = (41, ...,94) in the
least-squares linear fit y = §191(x) + . . . + Yq9a4(x)?

Exercise 4.12
Assume the columns of M are linearly independent.
Suppose Y = M~ + € where € is a random vector
with mean 0 and covariance ¢?I. Let
4 = (MTM)IM?Y denote the least-squares
estimator for the coefficients. Suppose an alternative
estimator 7 := LY is also unbiased for «. Use the
Gauss-Markov theorem to show that
E(¥ —v)"L(¥ =) < E(F —v)"L(¥ — ) for every
positive semi-definite matrix L.




Let M represent the design matrix

g1(x1) - ga(x1)
Me=| i
91(xn) -+ ga(xn)

The expectation of Y = M~ + € is M. Using the formula for the least-
squares coefficients provided in Theorem 2.4,

E4 = E(MTM)~'MTY
= M'M)"'MT EY
~~
My
= (M"M) " (M M)y
= "y'

(We know that MTM is invertible because the columns of M are assumed
to be linearly independent — see Exercise 1.63.)

Let X be the centered version of the explanatory data matrix, and let X
be the jth row of the generalized inverse of its empirical covariance matrix
(as a column vector). Borrowing tricks from Exercise 4.4, the covariance
between & and Bj is

E(Y —a)((£;)TiX"Y) =EL17(Y - EY)Y'XS;
= H17[E(Y —EY)YT|Xx;
N———

covY=c2l
2

— o 11Tx 2~
n n J
——
OT
=0.

First, consider the claim of the Gauss-Markov theorem: the variance of 47v is
no greater than the variance of ¥Tv. An alternative expression for the squared
deviation of 4Tv from its mean is

T \2

F'v-Ey"v) = (3"v-~"v)
=3 =73 =7)"V]
=G -7"wW (-,
and likewise for 4. The expected squared deviation is the variance, so Gauss-
Markov tells us that E(5 —~)TvvT (4 —~) is no greater than (5 —v)Tvv’ (5 —7)
for every v.
With a spectral decomposition for L,

F-=7)LE -7 =F " Maial +... + Aagaqi)(F — )
=MEF-M"aar =)+ + X&) qaad)(F —¥)-

Each eigenvalue is non-negative, so each term is no greater than the corresponding
expression with 4 in place of 4.

The covariance matrix of 4 is
covd = cov (MTM)"M*Y
= M"M)"MT (o?T)[(MT M) MT )T
=*(MTM)"MTM(M" M)~
=2 (MTM)~

by Exercise 1.75.




Exercise 4.13
Suppose Y = M~ + € with [Ee = 0, and let 4 be
coefficients of least-squares linear regression

estimators for the correctly specified model. If a new
explanatory observation v, is in the row space of

M, and Y11 = V. v + €,41 with Ee, 1 = 0, show

that the expectation of the predictor Y, = v7 Y

equals the expectation of Y, regardless of whether

or not M has full rank.

Exercise 4.14

Let x = (21,...,2,) and z = (21,..., 2,) be
explanatory variables such that x = az for some
ceR. Assume Y = (V7,...,Y,,) satisfy
Y = bix + byz + € for some by, by € R and Ee = 0.
Argue that the derived parameter ¢ := ab; + by can
be estimated.

Exercise 4.15

Suppose Y = M3 + € with cove = ¢%I,,, and let Y
be the orthogonal projection of Y onto C (M). Find
E[Y — Y|, the expected sum of squared residuals.

Exercise 4.16

Suppose the predictor }/}n+1 is a function of
Y1,...,Y, which are independent of Y,, ;1. Show that

E(Y,11 — ?n+1)2 =var Y1 + E(i}nﬂ — ]EYn+l)2-




The expectation of the response variable is
EY = b1x+ boz
= biaz + byz
= (aby + b9)z
= cz.

Every possible value of a implies a different expectation for the response

variable, so it can be estimated. In fact the orthogonal projection’s

coefficient <”Z|’|z2> is unbiased based on Exercise 4.10.

Let VZ +1= wTM. The expectation of the new response value can be represented as the
w linear combination of the expectations of previous response values:

EYnt1 = Vf+1’)’
= WTM")’
=wlEY.

The predictor can be written as the same linear combination of the previous predicted
values:

f/n+1 = V7T1+1‘?
=wIM4
=wly.
Because Y is unbiased for EY, we have
EYni1 =wlEY
=wlEY

which is the same expectation we found for EY;, 1.

E(Yn41 — ?n+1)2 =E[(Yn+1 — EYn41) — (?n+1 - IEYnJrIH2

=E(Yn+1 — EYnq1)? = 2E(Ynt1 — EVni1) (Vg1 — EYny1) + E(Yopr — EVigr)?

=var Y1 — 2E(Ynt1 — EYpy1) E(Yni1 — EYyy1) + E(Yni1 — EYygq)?
N——
0
=var Y41 +E(Yni1 — EYni1)?

We'll let H be the orthogonal projection matrix onto M, and use Exercise
3.35 along with Exercises 1.67 and 1.68.
E[lY — Y|J* = [|(I - H)e?
= tr [(I — H)o?T]
= 0%(n — rank M)




Exercise 4.17
Suppose Y1, ..., Y, are uncorrelated and all have the
same variance 2. Let x;,...,X, € R" be n
observations of m explanatory variables, and assume
their empirical covariance matrix > has full rank.
Let B = (31, . ,Bm) be the coefficients of the
explanatory variables in the least-squares hyperplane
y=da+ Bz —zW) 4+ .+ B, (z™ — z0") Find
E|3 —EB|? in terms of 62, n, and the eigenvalues of
.

Exercise 4.18

Based on Exercise 4.12, the Gauss-Markov theorem
implies that the least-squares coefficient vector has
the smallest possible expected squared estimation

error among all random vectors that are both linear

functions of the response and unbiased for its

expectation. However, Equation 4.1 identified a < 1

such that a times the least-squares coefficients of the
explanatory variables has smaller expected squared
estimation error than the least-squares coefficient
vector do; explain why this doesn’t contradict the

Gauss-Markov theorem.

Exercise 5.1

Find the probability density function for a standard
Normal random vector on R".

Exercise 5.2

For standard Normal random vectors Z; and Zs,
suppose M1Z; and MsZ, have the same covariance.
Show that they have the same distribution.




Let’s check the conditions of the Gauss-Markov theorem. It applies to
linear functions of the response Y that are unbiased for EY. Because ,3 is
linear in Y, so is a3. However, it’s biased; its expectation is a3 # 3, so
Gauss-Markov doesn’t apply.

The “variance” of any random vector is the trace of its covariance matrix
(Exercise 3.25).

E|B —EB|* = trcov B
= %tr »1
= AT ALY
where A1, ..., A\, are the eigenvalues of X.

From Exercise 3.23, we calculate the covariances to be MiM? and MM .

Suppose M; has the singular value decomposition USVY. Then the
spectral decomposition of M;M? is USU?. By the assumption that the
covariances are equal, we see that MoMZ must also be equal to USU”.
Thus, a singular value decomposition of My has the same matrix U on the
left and the same matrix of singular values; we’ll write My = USVZ'.

We need to compare the distributions of USV?Z; and USVI'Z,. The
entries of V{Zl are the coordinates of Z; with respect to the orthonormal
columns of V| so they’re iid standard Normal according to our discussion
in Section 5.1. Likewise, the entries of VIZs are standard Normal, so
we can conclude that the two random vectors in question have the same
distribution.

Let Z be an R"-valued standard Normal random vector. By indepen-
dence, its pdf equals the product of the individual pdfs of its coordinates

(Z1,--, Zn)-
f@) =] e

- ﬁe—@%.-.ﬂi)/z
be n
_ 1=/
= e
(2m)n/2




Exercise 5.3

Show that if X is a Normal random vector, then so is
MX + v where M is a real matrix and v is a vector.

Exercise 5.4

Show that if X; and Xy are Normal random vectors,
then so is Xy + Xb.

Exercise 5.5
If two random variables are multivariate Normal and
are uncorrelated with each other, then they are
independent; one can verify that their joint density
factors into a product of their marginal densities.
However, without multivariate Normality,

uncorrelated doesn’t necessarily imply independent.

Construct a pair of Normal random variables that
are uncorrelated but not independent.

Exercise 5.6

Find the expectation of W ~ y2.




Let X1 ~ N(pq,C1) and Xg ~ N(py,C). With standard Normal Z; and Zs, we can
represent the sum as

X1 4 Xo = (C1/2Z1 + py) + (CZs + )
Z
= [c1”2 cyﬂ[zj-%m1+uﬂ-

VAl
Zs
Z, stacked on top of the entries of Zs. We can’t assume that the entries of Z; are
independent of the entries of Zs, so the stacked vector isn’t necessarily standard Normal.
VAl
Z;

We’re almost finished, but consider carefully the vector that has the entries of

However, with C representing the covariance matrix of and with Z a standard
. Z . .
Normal random vector of the same size as 7| then we can rewrite the expression as
2

e ] €22 + s +

which fits the definition of a Normal random vector.

With g and C representing the expectation and covariance of X, the trans-
formed random vector is

MX +v =M(CY2Z + p) +v
= [MCY?)Z 4 [Mp + V]

with Z standard Normal. This fits the definition of a Normal random vector.

W can be represented as the squared norm of a standard Normal random
vector. Its expectation is the same as the expected squared norm of any
standardized random vector Z on R*:

E|Z|> =E(Z} + ...+ Z})
=EZZ+...+EZ}
=varZy+ ...+ var Z;

N—— S~——

1 1

Let Z ~ N(0,1). Independently of Z, let B take values —1 and 1 each with probability.
Finally, define Y := BZ. By inspecting the cdf of Y/,

P(Y<t)=P(B=1NZ<t)+P(B=—-1NZ>t)
=P(B=1)P(Z<t)+P(B=-1)P(Z > —t)
=P(B=1)P(Z<t)+P(B=-1)P(Z > —t)

——
P(Z<t)
=[P(B=1)+P(B=-1)]P(Z < t)

1
we see that it is also standard Normal as it has the same cdf as Z. If you learn that Z = z,
you know that Y is either z or —z, so Z and Y clearly aren’t independent. However,
their correlation is
EZY =EZ(BZ)
= (EB)(EZ>
(EB)(EZ7)
0

=0.




Exercise 5.7

If Y ~ N(u,C) is an R"-valued random vector,
what’s the distribution of the squared Mahalanobis
distance of Y from its own distribution?

Exercise 5.8

Let Z be an R"-valued random vector with the
standard Normal distribution, and let H be an

orthogonal projection matrix. Find the distribution
of ||HZ|J?.

Exercise 5.9

Let € ~ N(0,0°T). If H is an orthogonal projection
matrix and u is a unit vector orthogonal to C'(H),
find the distribution of

(e, u)

|He|| /+/rank H

Exercise 5.10

Let € ~ N(0,0°T). If H is an orthogonal projection
matrix and u is a unit vector orthogonal to C'(H),
and a € R, find the distribution of

a+ (e, u)

| Hel| /v/rank H




Let uy,...,u, be an orthonormal basis with uy, ..., Wankm spanning the
space that H projects onto. Because the orthogonal projection is

HZ = <Z7 U1>U1 +...+ <Z; urankH>urankH
its squared length is the sum of its squared coordinates
||HZH2 = <Z,u1>2 +...+ <Za urankH>2~

These coordinates are independent standard Normal random variables,
according to the discussion in Section 5.1, so their sum of squares has
distribution X2, -

Allow for degenerate distributions by using the approach described at the
end of Section 3.5. Let Z := C~'/2(Y — u) ~ N(0,I) represent the stan-
dardized version in R™"™C. The squared Mahalanobis distance from Y to
N(u,C) is

ICTY21Y — ||* = | CH2(C2Z + ) — ]|
=z|*

2
™~ XrankC-

First, we’ll divide the numerator and the denominator by o.

a+ (e, u) _ ajo+ ((e/o),u)
|He||/vrankH ||H(e/o)||/vrank H

As in Exercise 5.9, the second term in the numerator is standard Normal,
the denominator is x2, , 4 divided by its degrees of freedom, and the nu-
merator and denominator are independent. By the definition of non-central

t-distributions, the ratio’s distribution is ¢;ankH,q/0-

First, we’ll divide the numerator and the denominator by ¢ to connect this
ratio to the standard Normal random vector €/o.

ew  {(e/o)w
|He||/vrankH  ||H(e/o)||/vrank H

Let ui,...,u, be an orthonormal basis with uy,..., Upankm spanning
C(H) and uyankm+1 equal to u. The numerator is simply the coordinate
of €/c with respect to u, so it’s a standard Normal random variable.
From Exercise 5.8, |[H(e/0)||* ~ X2,z Because the numerator and the
denominator are functions of distinct coordinates, they’re independent of
each other, so the random variable has the ¢, g distribution.




Exercise 5.11

Let T ~ t;. What’s the distribution of 72?7

Exercise 5.12

Let € ~ N(0,0°T), and let H; and H, be orthogonal
projection matrices onto two subspaces that are

orthogonal to each other. Find the distribution of
||H €]|2 /rank H;
|Hzel|? /rank H

Exercise 5.13

Let € ~ N(0,07T), and let H; and H, be orthogonal
projection matrices onto two subspaces that are
orthogonal to each other. Find the distribution of

H, €||2 /rank H .
v el /rank iy o) ove v is a non-random vector.
|Hzel|? /rank Hy

Exercise 6.1
Let x; represent the explanatory value(s) of the ith
observation. Consider modeling the response
variable by

Y; = fo(xi) + €

with €1,... €, i N(0,0%) and 6 € © indexing a set

of possible functions. (Notice that this form is far
more general than the linear model with iid Normal
errors.) Show that the maximum likelihood
estimator for 6 is precisely the parameter value that
minimizes the sum of squared residuals.




We can divide both the numerator and the denominator by o2 to produce
random variables whose distributions we know from Exercise 5.8.

||H; €| /rank Hy |H; (e/0)]|? /rank H;

|Hael|2/rank Hy  ||Hz(e/0)||?/rank Hy
The numerator is a XfankHl—distributed random variable divided by its
degrees of freedom, while the denominator is a x2,, g, -distributed random
variable divided by its degrees of freedom. Because the subspaces are
orthogonal, we know that the two orthogonal projections are independent
of each other, allowing us to conclude that the ratio matches the definition
of frankHl,rank Hs -

From the definition of ;, we can represent T using independent Z ~ N (0, 1)

and V ~ x3.
2
"= ( 7 )
V/k

Z* N

V/k
Because Z? ~ x3, this expression matches the definition of the fi
distribution.

The response values have distribution Y; ~ N(fs(x;),0?) and are indepen-
dent of each other. Because of independence, the overall likelihood L(6;Y)
is the product of the individual observations’ likelihoods.

| 1 2
L0:Y) = o 3z (Vi fo(x:))
( ) 11:[1 V2mo?

n/2
= ( ! > E_ﬁ " (Yi—fo(xs))?

2mo?

The parameter 6 only appears in the sum of squared residuals
St (Y; — fo(x;))?.  The smaller the sum of squared residuals is,
the larger the likelihood is, so the “least-squares parameter” is exactly
the maximum likelihood estimator. Notice that this equivalence doesn’t
depend on the value of o and that it holds even if ¢ is unknown.

Divide both the numerator and the denominator by o2.

|v + Hyel?/rank H; |Lv +Hi(e/o)|?/rank Hy
|Hoe|2/rankHy — ||Ha(e/o)||?/rank Hy

As in Exercise 5.12, the denominator is XfankHz-distributed and is inde-
pendent of the numerator. This time the numerator is a non-central 2
random variable divided by its degrees of freedom with non-centrality
parameter ||[1v||? = ||v[?/o%. Thus the ratio’s distribution matches the

definition of frankHl,ranng,HvH?/az~




Exercise 6.2

Suppose Y = M~ + € with error vector
€ ~ N(0,0I). If Y is the least-squares linear
regression’s prediction vector for design matrix M,
what’s the distribution of |[Y — Y||2/o2?

Exercise 6.3

Let X € R™™ be a centered explanatory data
matrix with full rank. Assume
Y=a+ 32,8 + €
with ey, ..., €, 2 N(0,0?). Write the standardized
version of the least-squares slope 5;. What is its
distribution?

Exercise 6.4

Let X € R™™ be a centered explanatory data
matrix with full rank. Assume

Y:oz—|—§~§,3+e

with €1,...,¢€, w N(0,0?%). Devise a t-distributed

random variable involving the least-squares slope Bj.

Exercise 6.5

Let X € R™™ be a centered explanatory data
matrix with full rank. Assume

Y=a+ §~§,3 + €
with €1,..., €, w N(0,0?). Devise a 95% confidence
interval for f;.




The distribution of BJ is Normal because its a linear transformation of Y
which is Normal. Its expectation equals the ]th entry of E,B 3, and its
variance equals the jth diagonal of cov B = -1

2
6 (ﬂ]v % j7 )
The standardized version is
L RN (SY
% Jj

We saw in Chapter 4 that the least-squares residual vector Y — Y is the
orthogonal projection of € onto C(M)* which has dimension n — rank M.
The standardized version €/ is standard Normal, so according to Exercise
5.8,

Y=Y o= my(efo)?

2
~ Xn—rankM

g

where H represents the orthogonal projection matrix onto C'(M).

From Exercise 6.4, % ~tn_m—1, SO
N
P{ -7l (975) < Lﬁjl <7l (975) % = .95,
Vn

The event can be rewritten as

B = Tt o1 (975) 22

iS85S By (975) Sy

which means that 3; + 7,5 (. 975)% 1 is a 95% confidence interval

n—m—1
for B;.

From Exercise 6.3, the standardized version is ﬁ;ﬁll ~ N(0,1). Exer-
N
cise 2.8 implies that 3 is a function of He, so the ratio trick allows us to

substitute ¢ for o to derive

ﬁ]_ﬁj ¢

N ~ln—m-1
fed -1

Vvn Ji




Exercise 6.6

Let X € R™™ be a centered explanatory data
matrix with full rank. Assume

Y:a+§~§6+e

with e, ..., e, 2 N(0,0?). Devise a test statistic T}

for the null hypothesis that 8; = 0.

Exercise 6.7

Section 6.3.7.2 described a test statistic (Equation
6.1) for the null hypothesis that all of the slopes in a
multiple linear model are 0. Is it the same as the
test statistic prescribed by Equation 6.37

Exercise 6.8

Let Y = al + X8 + € with X € R™" representing a
centered data matrix. If Y is the least-squares
prediction vector that comes from multiple linear
regression, find the distribution of

Y - V1

6-2




The null hypothesis is that EY is in the span of 1, so the general approach (Equation 6.3) uses the test
statistic

¥ —¥12/m
——— ~“fman-m-1,
&

while Section 6.3.7.2 derived the test statistic

n|l Y2812 /m

N ~Jmn—m-—1-
52

Let’s analyze the factor in which they appear to differ. Recall that for multiple linear regression the least-
squares prediction vector can be expressed as

Y=Y1+33

where X is the centered explanatory data matrix. Therefore,

T w2 <an2
I¥ - v1)? = |28
— AT T35
And in the other test statistic,
1/25,2 al 3
nll Y282 = np B
~
13T%
=
=pTxTz8

so they turn out to be exactly the same.

fLﬁfl ~ tp—m—1. The assumption that 5; = 0 leads

N

From Exercise 6.4,

to the test statistic

The significance probability is 27, _m—1(—|Tj]).

Based on the preceding discussion, the statistic in question has non-central
f-distribution. Y is the projection onto an (m + 1)-dimensional subspace,
while Y1 is the projection onto a 1-dimensional subspace. Thus the numer-
ator has m degrees of freedom, and the denominator has n —m — 1 degrees
of freedom. The non-centrality parameter is

(a1 +XB) — (a1)[*/o? = [IXB|1* /0.




